We describe a scenario for inflation in the framework of non-critical string theory, which does not employ an inflaton field. There is an exponential expansion of the volume of the Universe, induced by enormous entropy production in the early stages of cosmological evolution. This is associated with the loss of information carried by global string modes that cross the particle horizon. It is the same loss of information that induces irreversible time flow when target time is identified with the worldsheet Liouville mode. The resulting scenario for inflation is described by a string analogue of the Fokker-Planck equation that incorporates diffusion and dissipative effects. Cosmological density perturbations are naturally small.
Introduction
Inflation [1, 2] offers an attractive solution to many of the major problems of conventional Big Bang cosmology, such as the age, size and homogeneity of the observed Universe, its large entropy and its closeness to the critical density. Inflation occurs for generic scalar field potentials, but these may not fit naturally within a conventional Grand Unified field theory. A number of proposals have been made for the accommodation of inflation within string theory [3, 4] , but these are also beset with difficulties. At the level of an effective field theory derived from an underlying string theory, it becomes even more difficult to generate naturally a suitable inflationary scalar potential. Some such scenaria have inflationary epochs that are too short and/or inhomogeneous density fluctuations that are too large [3] . However, we do not rule out the possibility that a realistic scenario may emerge under certain extra assumptions.
A more fundamental approach has been to study full string theories in timedependent backgrounds [5] , in the hope of identifying string solutions of cosmological interest that could serve as the basis of an inflationary model. Consistent partition functions for such cosmological string theories have been constructed, featuring a dilaton field that depends linearly on time. This is linked to a deficit Q 2 in the central charge that is compensated by other degrees of freedom to restore criticality. Matter fields move in such a non-critical time-dependent background according to equations of motion containing extra 'frictional' terms ∝ Q, which plays the rôle of the Hubble expansion parameter, and the time-dependent dilaton can be identified as a non-critical Liouville field, as we discuss in more detail later. Such cosmological string models do not exhibit exponential inflation, when treated at the classical level [5] , but we recall that the quantum effects play essential rôles in conventional field-theoretical inflation [1, 2] , e.g. in providing initial fluctuations and in converting scalar field energy into matter-particle entropy [6] . We are therefore led to seek a consistent quantum treatment of time-dependent string theories, which provides the string scenario for inflation discussed below.
We first review salient features of conventional field-theoretical inflation, emphasizing a frictional interpretation of the Hubble expansion and the relation of entropy generation to the integration over field degrees of freedom that disappear beyond the de Sitter horizon. Then we construct a string analogue starting from the Zamolodchikov function interpreted as an effective action in string theory space [7, 8] , demonstrating that it leads to a consistent quantum formulation that incorporates dissipation, associated with couplings to unobserved string modes. The previous cosmological string theories [5] can be regarded as specific examples of this general framework. In the cosmological context, the dissipation is related to global string modes [9] that cannot be detected via local experiments within a horizon volume. Then we derive a string analogue of the Fokker-Planck equation, demonstrate that it may lead to the classical 'ball rolling down the hill' picture of conventional field theoretical inflation [1, 2] , as well as exponential increases in the cosmological scale factor and matter-particle entropy [6] . This inflation is achieved without an inflaton field and can be regarded as a world-sheet analogue of Starobinski's ideas [10] . The magnitude of density perturbations is related to the ratio of particle and higher string mode energies, and is naturally small.
Review of Field-Theoretical Inflation
In conventional field-theoretical inflation [1, 2] , the (near-) exponential expansion of the Universe is driven by the potential energy V (Φ) of a specially-introduced inflaton field Φ, treated classically Φ ≃ Φ c as a first approximation, evolving according to the equation
Assuming spatial homogeneity, inserting a Robertson-Walker-Friedmann scale factor of e Ht into the first term in (1) , and approximating the second term by −µ 2 Φ c , one obtainsΦ
This equation exhibits frictional dissipation ∝ H. In the interesting limit of a slow rollover, the growing solution of (2) has
yielding a typical rollover time τ ≃ 3H µ 2 and an exponential growth in the scale factor by an amount
This is sufficiently large (Hτ ≥ 60) if the effective potential V (Φ c ) is sufficiently flat, i.e.
An order-of-magnitude lower bound on µ 2 is provided by the Hawking temperature
associated with the presence of a horizon during the de-Sitter-like inflationary epoch. This limits the roll-over-time τ ≤ 3H/T 2 H , so that the scale factor factor grows by a factor of at most exp(12π 2 ), which is ample to accommodate our observable Universe.
The finite temperature T H is related to the area A = 12π/H 2 of the de Sitter horizon, in close parallelism to the Hawking temperature of a black hole horizon. In each case, information is lost across the horizon, as a consequence of the necessary integration over unseen field modes beyond the horizon. In the inflationary case, the entropy per horizon volume S H ∝ A, and the total entropy grows exponentially along with the scale factor (4) . This can be regarded as due to the separation of the field modes into two categories, only one of which, Φ < , is inside the horizon and hence observable, whilst the other acts as a stochastic noise source in an application of the fluctuation-dissipation theorem to the observable modes. A stochastic framework has been suggested for inflation, which is based on the following Fokker-Planck equation for the probability distribution P(Φ < , t) of the observable modes [2, 11] 
where the standard deviation of the observable modes is identified with the zeropoint fluctuation of a massless scalar field in a de Sitter background,
Such density fluctuations in the observable Universe may be regarded as thermal fluctuations associated with the finite horizon.
In the above brief review, we have glossed over the transition from the initial quantum regime to the classical 'ball rolling down the hill' picture (1), and it is desirable to establish a unified description of this, entropy generation during inflationary epoch and the conversion into matter particles at the end of inflation. Given the progress in this direction made in conventional field-theoretic inflation [11] , we now seek a corresponding framework in string theory.
String Framework
Our starting point is the recognition that a suitable variant of the Zamolodchikov [7] C function C[g i ] can be regarded as an effective action in the space of two-dimensional field theories on the world-sheet, parametrized by the couplings g i of generalized σ-models
where T αβ are components of the world-sheet stress tensor, whose trace is Θ. The couplings g i correspond in general to non-conformal, relevant deformations V i , with anomalous dimensions h i < 2 and non-trivial flow under the renormalization group, which is described by
where µ is a renormalization group scale and the c i jk are operator-product-expansion coefficients for the V i . The corresponding classical equations of motion are the familiar gradient flow
where G ij =< V i V j > is the metric in coupling space.
Coupling (8) to two-dimensional quantum gravity restores [5, 12] conformal invariance at the quantum level, by dressing the vertex operators :
where φ is the Liouville field that scales the world-sheet metric γ αβ = e φ(z,z)γ αβ whereγ denotes a fixed fiducial metric. In our approach, φ(z,z) serves as a local renormalization scale on the world sheet. The dressed vertex operators [V i ] φ are then exactly marginal and the corresponding gravitationally-renormalized couplings are [12, 13] 
where [12] 
is the central charge deficit of the matter theory defined by g i , and the appropriate gravitationally-dressed version of (8) is supplemented by the Liouville action
where R (2) is the curvature of the world-sheet. Note that we normalize the Liouville field so as to have a canonical kinetic term on the world sheet, enabling us to identify φ with the target time, which we denote by t. This will be the physical time, observed in standard units. However, for reasons that will become clear later on, we introduce a rescaled time τ :
We shall come back to the physical time φ = t when we discuss our estimates for physical observables. The matter system is supercritical if c > 25, a possibility first studied as a prototype for an expanding Universe in the framework of string theory in ref. [5] , whose 'physical time' is e Qφ in our notation. Equation (12) has the solutions α
The branch of solutions α − i corresponds to non-existing operators in Liouville theory with the wrong boundary conditions [14] , and should be excluded. This leaves us with the physically-relevant solutions α (+) i , which vanish for (1, 1) operators, which are made exactly marginal by the linear factor in the second term of (11).
In ref. [9] we went further than in [5] , identifying the Liouville field φ = Qτ with a world-sheet renormalization scale via the world-sheet area
Equation (14) implies that derivatives with respect to our target time variable t of the Liouville-dressed (1, 1) couplings in the neighborhood of a fixed point are simply the conventional β functions (9) with the replacements g i → λ i :
which makes a Liouville flow similar (formally) to a conventional renormalization group flow on the world sheet. Here and subsequently, derivatives with respect to τ are denoted by dots. In this formalism, the deficit Q, which is a constant at lowest order in the coupling, becomes (12) a 'running' central charge that approaches a constant at a fixed point. This renormalization group flow may be interpreted as a friction problem [9] with dissipation coefficient Q, since (1, 1) deformations λ i (τ ) obey the equation [15] 
Not only is this equation characteristic of frictional motion in a potential C(λ i ), (10) , but it is similar to the inflaton equation (1, 2) . Upon the inverse rescaling (14) , the friction term becomes ∝ Q, which implies that in standard units the Hubble constant
The pioneering cosmological solution of [5] can be regarded as a special case of (18), in which the running of Q was not considered. As was pointed out in [5] , the appearance of a central charge deficit Q 2 is accompanied by a non-trivial dilaton potential, whose magnitude determines the Hubble expansion rate.
Our discussion of a string inflationary scenario requires the appropriate generalization [9] of the dissipative equation (18) to the statistical (equilibrium) distribution function in string theory space ρ(λ i , p j , τ ). The p i denote momenta conjugate to the 'coordinates' λ i , whose expectation values are identified with the pertinent vertex operators V i . The renormalizability of the world-sheet σ-model tells us that 20) and in particular that
Substituting in (21) using the classical equations of motion derivable from (8) :
we derive [9] 
where {, } denotes the conventional Poisson bracket, reflecting the fact that we are still working at the classical level. The second term in (23) represents dissipation [16] due to couplings with unobservable modes.
Quantum Consistency
As is well known, higher-genus effects in string theory impose quantization of the effective string couplings λ i [17] . Since our goal is a full quantum description of the string inflation problem, we must check that the equations (18) are consistent with canonical quantization:
This is true if there is an underlying Lagrangian L [18] whose equations of motion are equivalent but not necessarily identical to (18) , i.e. if there exists a non-singular matrix w ij :
which obeys the following Helmholtz conditions :
where
If the conditions (26) are met, then [18] 
The Lagrangian in (28) can be determined up to total derivatives according to [16, 18] : 
with the . . . denoting terms that can be removed by a renormalization scheme change. Within a critical-string (on-shell) approach, the action (29, 30) can be considered as an effective action generating the string scattering amplitudes. Here it should be considered as a target-space 'off-shell' action [8] for non-critical strings.
Comparing (30) with equation (28), and taking into account the renormalization group invariance of L, we see immediately that one should identify w ij = −G ij , the metric in coupling space.
We know that G ij is symmetric, so the first of the Helmholtz conditions (26) is satisfied. The next two conditions hold automatically because of the gradient flow property (10) and the fact that G ij and C (8) are functions of the coordinates λ i and not of the conjugate momenta. Finally, the fourth Helmholtz condition provides the condition
which implies an expanding scale factor for the metric in string theory space
whereĜ ij is a Liouville-renormalization-group invariant function. This is exactly the form of the Zamolodchikov metric in Liouville strings [19] . Thus there is indeed an underlying Lagrangian, one can quantize consistently, and
is the appropriate quantum version of the density matrix equation (23) .
It is straightforward that the observable energy E =<< H >>= T r(ρH) is conserved in this approach [20] , as a consequence of the renormalizability of the underlying two-dimensional field-theoretic formalism,
where one took into account that C is a renormalization-group-invariant functional of λ i only. However, the quantum energy fluctuations δE
2 are time-dependent :
Using the fact that β i G ij β j is a renormalization-group invariant quantity, we can express (35) in the form
where equation (31) has been taken into account. This is the basis for the estimate we present later of the quantum density fluctuations generated during the string inflationary epoch.
String Fokker-Planck Equation
Having established the canonical quantization of the dynamics in string theory space, we now sketch the derivation of the string Fokker-Planck equation that incorporates quantum effects in the renormalization group flow equation (18) . We interpret this as an equation for the classical coupling λ c (τ ), and decompose the value λ c (τ + δτ ) of the coupling at an infinitesimally later time as
where δλ q (τ ) is the quantum fluctuation. We assume that this has a characteristic white-noise distribution
arising from unobservable global string modes that extend beyond the horizon. This assumption can be justified in standard field-theoretic inflation by an analysis of quantum fluctuations in de Sitter space [2, 11] . The analogue in our case is
which we will justify further a posteriori. White noise in renormalization group flow has been assumed previously [21] , by analogy with the conventional Langevin equation (gradient flow form of the β-functions [7] ). In our interpretation this random noise is induced by the sum over unobservable string modes beyond the event horizon, whose effects are captured in our approach by the Liouville time field and its quantum fluctuations.
It is straightforward to derive the string Fokker-Planck equation from (18, 37, 38, 39) . The probability distribution P(λ, τ ) in string coupling space may be represented as as
where the integral is over all classical variables λ c whose evolution in time yields the variable λ at rescaled time τ . Changing variables to the quantum fluctuations δλ q , we find
It is a simple matter to make a Taylor expansion [11] of the integrand in (41) and perform the Gaussian integral over δλ q to obtain the string Fokker-Planck equation
modulo ordering ambiguities for the λ-dependent diffusion coefficients. The reader may verify that the dispersion < (δλ q ) 2 > calculated from (42) is of the assumed form (39) 1 . Equation (42) may alternatively be derived [19] from equation (33) for the statistical distribution in string theory space, {λ i }, if one assumes
as in the conventional [22] treatment of Markov processes, where H ≡ − 8π 2 H Q 6 with Q 6 /8π 2 playing the rôle of an effective 'temperature' in theory space.
The string Fokker-Planck equation (42) can be used to demonstrate that the probability distribution function P takes the Gibbs form [23] P = e −H asymptotically at large times, i.e. that W (λ, τ ) → 1 as τ → ∞. This is done by first noting that the non-self-adjoint first-derivative term in (42) can be written in the form
using the fact thatṗ i = 0 in our scheme. The quantityP(λ i , τ ) ≡ e H P(λ i , τ ) therefore obeys the equation
whereÔ F P is self-adjoint. Thus we can expand
where the f n (λ i ) are eigenfunctions ofÔ F P with negative semi-definite eigenvalues ε n :
H , and the contraction of the indices is done with the help of the positive definite Zamolodchikov metric G ij . It follows that P(λ i , t) → a 0 e −H , the equilibrium Gibbs distribution, at large times 2 .
Realization of Inflation
The string Fokker-Planck equation (42) can be used to discuss the circumstances under which the entropy
may grow exponentially, as in inflationary cosmology. Using (42), we find
As a result of the renormalization-group invariance of P, the last term on the righthand side of (49) contributes boundary terms in string theory space, which we discard in our cosmological context. We assume that the second term ∝ ∇ i Q 6 is much smaller than the first term, corresponding to an inflationary epoch during which Q is approximately constant, obtaining
The positivity of (50) is a consequence of world-sheet unitarity, and the zero occurs only at fixed points where Q → 0. Using now the Gibbs formula which implies that lnP = −H = 8π 2 H Q 6 , and recalling that ∇ i H ≃ −β i , we see thaṫ
It is apparent that if β i β i ≃ Q 4 varies sufficiently slowly over a sufficiently long period of time -the string analogue of the "slow rollover " assumption of conventional inflation [2, 11] -the entropy will indeed grow exponentially :
since H is of O[QThis growth in the entropy is accompanied by growth in the scale factor of the Universe, as can be seen by considering the time-dependence of the space-time volume element V :
The second term in (53) In this scenario, inflation occurs without an associated inflaton field, whose rôle is taken over by the Liouville time variable. Inflation is a quantum effect, as in Starobinsky's proposal [10] . However, our scenario is formulated in terms of quantum fluctuations on the world sheet.
To gain some impression how this scenario for string inflation might work in a specific model, consider the SL(2, R)/U(1) model of a stringy black hole [25] with central charge c = 3k k−1 − 1, for which the Friedman-Robertson-Walker line element
where the renormalized level parameter k(t) is allowed to run as in (18) . It is easy to check that R(t) exhibits an exponentially-growing Jeans instability [26, 27] if
which is the analogue of the slow rollover condition in this model.
We conclude with a discussion of density fluctuations in our scenario. Using (12) in the estimate (36), we find
(56) where δC = C − 25, the Q 2 term on the right-hand-side is associated with graviton fluctuations in inflationary backgrounds (53), upon taking into account some properties [19] of the Quantum Zamolodchikov metric G ij in theory space in the class of renormalization schemes appropriate for inflation, which imply that << β i G ij β j >>= Q 2 . The (λ ′ ) i in (56) denote the remaining matter fields. Using the fact that (λ ′ ) i , being a β-function of a renormalizable coupling, does not depend explicitly on the scale τ , we may cast (56) in the form
The first term in the right-hand side of (57) is of higher order in the β i than the second term. This follows from an analysis [19] of the temporal evolution of the string density, which is constant in time during inflation [28] . Hence we estimate:
where the . . . represent higher-order terms originating during our string inflationary epoch, as well as any other possible contributions to (δE) 2 .
We identify (δE) 2 with the usual r.m.s. energy-density fluctuation (δρ) 2 . To estimate δρ ρ as observed, for example, by COBE [29] , we recall [1, 2] that the quantity δρ/(ρ + p), with p the pressure, is gauge-invariant and remains constant while it is beyond the horizon. In our approach
during inflation, and we expect Q 2 >><< ((λ ′ ) i ) 2 >> as our formulation of the conventional slow roll-over condition [1, 2] , leading to the estimate : 
but are not yet in a position to make more detailed estimates, which would require an exact model of the particle theory effective below the Planck scale.
